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Some exact and explicit solutions to a two-
component, discrete, nonlinear Schrödinger model
İsmail Aslan
Abstract: Natural processes and phenomena often display discrete structure. The discrete nonlinear Schrödinger equations
are used in both physics and biology to model periodic optical structures and energy transfer in proteins. In this study, we
present a new application of the (G′/G)-expansion method to special, coupled, discrete, nonlinear Schrödinger-type equa-
tions. This application is shown to be an effective tool for constructing solitary and periodic wave profiles with arbitrary pa-
rameters. In addition, we provide rational solutions that have not been explicitly computed before.
PACS Nos: 02.30.Jr, 05.45.Yv, 02.30.Ik
Résumé : Les processus et phénomènes physiques montrent souvent une structure discrète. Les équations discrètes non li-
néaires de Schrödinger sont utilisées en physique et en biologie pour modéliser des structures optiques périodiques et des
transferts d’énergie dans les protéines. Ici, nous présentons une nouvelle application de la méthode de l’expansion (G′/G)
aux équations spéciales du type de Schrödinger non linéaires discrètes et couplées. Nous montrons que cette application est
un outil utile pour construire des profils ondulatoires, solitaires et périodiques, avec des paramètres arbitraires. De plus,
nous en donnons des solutions rationnelles qui n’ont pas été obtenues précédemment de façon explicite.
[Traduit par la Rédaction]
1. Introduction
Nonlinear differential–difference equations (NDDEs) play
a crucial role in different branches of applied nonlinear scien-
ces, such as condensed matter physics, biophysics, and me-
chanical engineering, and in various physical problems, such
as currents in electrical networks, atomic chains, and molec-
ular crystals, and have become a focus of common concern.
Because of their rich structures, NDDEs are also encountered
in numerical simulations of soliton dynamics in high energy
physics. Unlike difference equations, which are fully discre-
tized, NDDEs are semidiscretized; some (or all) of their
space variables are discretized, while time is usually kept
continuous. Thus, they can be considered hybrid systems. Di-
rectly seeking exact solutions of NDDEs has attracted much
attention in the study of their corresponding nonlinear phe-
nomena because these solutions might give better insight
into the physical aspects of the problems considered. Hence,
many powerful and effective methods have been developed
for tackling NDDEs. To make mention of a few; Hirota’s
bilinear method [1], the Exp-function method [2], the
homotopy perturbation method [3], the Adomian decomposi-
tion method (ADM) – Padé technique [4], and the discrete
Jacobi–sub equation method [5].
The discrete nonlinear Schrödinger (DNLS) equations and
related nonlinear lattice models have been prominent in the de-
scription of numerous experiments in applied nonlinear scien-
ces. The DNLS equations have also been implemented in a
variety of other settings to make crucial predictions that have
not yet been verified experimentally. The study of the DNLS
equations dates back to theoretical work on biophysics in the
early 1970s [6]. One of the most important generalizations of
the DNLS equation is in the study of multicomponent versions
of the model. Such models are relevant both from theoretical
and experimental points of view. The coupling among the dif-
ferent components of the DNLS model can be linear or nonlin-
ear (or both). As an extension of the DNLS model, we consider
the case of the two-component DNLS model of the form
i
dfnðtÞ
dt
þ ½fn1ðtÞ þ fnþ1ðtÞ 1 jfnðtÞj2 þ jjnðtÞj2
  
 2fnðtÞ ¼ 0 ð1aÞ
i
djnðtÞ
dt
þ ½jn1ðtÞ þ jnþ1ðtÞ 1 jfnðtÞj2 þ jjnðtÞj2
  
 2jnðtÞ ¼ 0 ð1bÞ
where fnðtÞ ¼ fðn; tÞ and jn(t) = j(n, t) are complex-valued
functions for all integer values of the site index n. When
fnðtÞ  0 or jn(t) ≡ 0, the system (1a), (1b) degenerates
into an Ablowitz–Ladik model [7, 8], which is used in mod-
elling diverse physical phenomena, including the dynamics of
a harmonic lattice, self-trapping on a dimer, and pulse dy-
namics in nonlinear optics. See ref. 9 for more details on the
physical relevance of this model.
In the literature, there exist some generic methods to con-
struct exact and explict solutions to nonlinear evolution equa-
tions (NEEs). For example, the transformed rational function
method [10], multiple Exp-function method [11], linear
superposition principle [12], and symmetry algebra method
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[13]. In 2008, Wang et al. [14] proposed a powerful techni-
que; the so–called (G′/G)-expansion method, for solving non-
linear evolution equations. Based on Wang et al.’s pioneer
work and their followers’, the (G′/G)-expansion method has
attracted the attention of the research community and a num-
ber of studies refining the initial idea appear in the research
literature [15–30]. The value of the (G′/G)-expansion method
lies in the fact that one treats NEEs by essentially linear
methods. It is entirely algorithmic and transforms a nonlinear
equation into an algebraic computation. If treated rigorously,
the (G′/G)-expansion method usually reveals three types of
exact traveling wave solutions (in terms of hyperbolic, trigo-
nometric, and rational functions) in a neat form. In fact, the
transformed rational function method is simply one of the
generalizations of the (G′/G)-expansion method, but the mul-
tiple Exp-function method is much more general.
Our objective in this study is twofold: first, to introduce
the (G′/G)-expansion method for handling systems of
NDDEs so that one can apply it to solving different types of
problems arising in nonlinear science, and second, to illus-
trate its application to coupled, discrete, nonlinear Schrö-
dinger equations for the first time. The rest of this paper is
organized as follows: In Sect. 2, we present the key steps of
the (G′/G)-expansion method for NDDEs. In Sect. 3, we ana-
lyze our problem for discrete traveling wave solutions. In
Sect. 4, we give some concluding remarks.
2. Methodology
Let us consider a system ofM polynomial NDDEs in the form
D unþp1ðxÞ; . . . ; unþpkðxÞ; . . . ; u0nþp1ðxÞ; . . . ; u0nþpkðxÞ;

. . . ; uðrÞnþp1ðxÞ; . . . ; uðrÞnþpkðxÞ

¼ 0 ð2Þ
in which the dependent variables, un, have M components, ui,n,
and so do its shifts; the continuous variable x has N com-
ponents, xi; the discrete variable n has Q components, nj; ps
(s = 1, ..., k) denotes shift vectors with Q components; and
u(r)(x) is the collection of mixed derivative terms of order r.
Step 1. To search for traveling wave solutions of (2), we
first make the wave transformation
unþpsðxÞ ¼ UnþpsðxnÞ xn ¼
XQ
i¼1
dini þ
XN
j¼1
cjxj þ z
ðs ¼ 1; 2; . . . ; kÞ ð3Þ
where the coefficients c1, c2, …, cN, d1, d2, …, dQ, and the
phase z are all constants, and then convert (2) into
D Unþp1ðxnÞ; . . . ;UnþpkðxnÞ; . . . ;U0nþp1ðxnÞ; . . . ;U
0
nþpkðxnÞ;

. . . ;UðrÞnþp1ðxnÞ; . . . ;U
ðrÞ
nþpkðxnÞ

¼ 0 ð4Þ
Step 2. We initially guess the solution of (4) in the form
UnðxnÞ ¼
Xm
l¼0
al
G0ðxnÞ
GðxnÞ
 	l
am 6¼ 0 ð5Þ
where m (a positive integer) and the ais are constants to be
determined, and G(xn) satisfies the linear equation
G00ðxnÞ þ mGðxnÞ ¼ 0 ð6Þ
where m is an arbitrary constant and the prime denotes the deri-
vative with respect to xn. The general solution of (6) is well
known from the linear theory. So, we obtain the following cases:
G0ðxnÞ
GðxnÞ
¼ ffiffiffiffiffiffiffimp C1 cosh
ffiffiffiffiffiffiffimp xn þ C2 sinh ffiffiffiffiffiffiffimp xn 
C1 sinh
ffiffiffiffiffiffiffimp xn þ C2 cosh ffiffiffiffiffiffiffimp xn 
2
4
3
5
m < 0 ð7aÞ
G0ðxnÞ
GðxnÞ
¼ ffiffiffimp C1 sin ð
ffiffiffi
m
p
xnÞ þ C2 cos ð
ffiffiffi
m
p
xnÞ
C1 cos ð
ffiffiffi
m
p
xnÞ þ C2 sin ð
ffiffiffi
m
p
xnÞ
" #
m > 0 ð7bÞ
G0ðxnÞ
GðxnÞ
¼ C1
C1xn þ C2
m ¼ 0 ð7cÞ
where C1 and C2 are arbitrary constants.
Step 3. By a straightforward calculation, we can get the
identity
xnþps ¼ xn þ 4s 4s ¼ ps1d1 þ ps2d2 þ . . .þ psQdQ ð8Þ
where psj is the jth component of the shift vector ps. Apply-
ing the trigonometric and hyperbolic function identities and
considering (7a)–(7c) along with (8), we derive the shift
functions as follows:
UnþpsðxnÞ ¼
Xm
l¼0
al
ffiffiffiffiffiffiffimp G0ðxnÞ  m tanh ffiffiffiffiffiffiffimp 4s GðxnÞffiffiffiffiffiffiffimp GðxnÞ þ tanh ffiffiffiffiffiffiffimp 4s G0ðxnÞ
2
4
3
5
l
am 6¼ 0 m < 0 ð9aÞ
UnþpsðxnÞ ¼
Xm
l¼0
al
ffiffiffi
m
p
G0ðxnÞ  m tan ð
ffiffiffi
m
p
4sÞGðxnÞffiffiffi
m
p
GðxnÞ þ tan ð
ffiffiffi
m
p
4sÞG0ðxnÞ
" #l
am 6¼ 0 m > 0 ð9bÞ
UnþpsðxnÞ ¼
Xm
l¼0
al
G0ðxnÞ
GðxnÞ þ 4sG0ðxnÞ
 	l
am 6¼ 0 m ¼ 0 ð9cÞ
Step 4. By means of the ansätz (5), we define the degree
of Un(xn) as D[Un(xn)] = m, which gives rise to the degree
of other expressions as
D UðrÞn ðxnÞ
  ¼ mþ r
D UðrÞn ðxnÞ
 bh i ¼ bðmþ rÞ
D

UnðxnÞ
a
UðrÞn ðxnÞ
b 
¼ amþ bðmþ rÞ
Balancing the highest order nonlinear term(s) and the
highest-order derivative term in Un(xn), we can easily deter-
858 Can. J. Phys. Vol. 89, 2011
Published by NRC Research Press
Ca
n.
 J.
 P
hy
s. 
D
ow
nl
oa
de
d 
fro
m
 w
w
w
.n
rc
re
se
ar
ch
pr
es
s.c
om
 b
y 
Iz
m
ir 
In
sti
tu
te
 o
f T
ec
hn
ol
og
y 
on
 0
3/
07
/1
7
Fo
r p
er
so
na
l u
se
 o
nl
y.
 
mine the degree, m, of (5) and (9a)–(9c) from (4). As Unþpscan
be interpreted as being of degree zero in [G′(xn)/G(xn)], the
leading terms of Unþps (ps ≠ 0) will not affect the balanc-
ing procedure.
Step 5. Substituting the ansätze (5) and (9a)–(9c) along with
(6) into (4), equating the coefficients of [G′(xn)/G(xn)]l (l = 0,
1, 2, …) to zero, we obtain a system of nonlinear algebraic
equations from which the undetermined constants al, di, cj, and
m can be explicitly found. Substituting these results into (5), we
can derive various kinds of discrete exact solutions to (2).
Remark 1. As is well known, the standard procedure of
the (G′/G)-expansion method takes the auxilary equation G′′ +
lG′ + mG = 0 into account. However, without loss of gen-
erality, we can take l = 0 for the sake of minimizing the
number of parameters (see ref. 30) and reduce the auxiliary
equation to G′′ + mG = 0.
Remark 2. Contrary to the numerical computation of trav-
eling wave solutions of NDDEs, our algorithm computes
closed-form analytical solutions, which are polynomial in
(G′/G). Besides their physical relevance, the knowledge of
closed-form solutions of NDDEs facilitates accuracy testing
of numerical solvers. If closed-form solutions exist for spe-
cific values of parameters and (or) initial conditions, then
for the same conditions the numerically computed solutions
agree with the analytical solutions.
3. Application
We consider the physical system described by the coupled,
discrete, nonlinear Schrödinger equations (1a) and (1b). In
fact, we can transform (1a)–(1b) into coupled nonlinear
Schrödinger equations [31], using the continuous analogue
of the equation if we asssume that the envelope functions
fnðtÞ, jn(t) are slowly varying and set
fðn; tÞ ¼ 3F 3n;32t  ¼ 3FðZ; TÞ ð10aÞ
jðn; tÞ ¼ 3J 3n;32t  ¼ 3JðZ; TÞ ð10bÞ
where F(Z, T) and J(Z, T) are slowly varying functions of
their arguments, T and Z. Then, we have
fðn 1; tÞ ¼ 3FðZ  3; TÞ
¼ 3 FðZ; TÞ  3 dFðZ; TÞ
dZ
þ 3
2
2
d2FðZ; TÞ
dZ
þO 33   ð11aÞ
jðn 1; tÞ ¼ 3JðZ  3; TÞ
¼ 3 JðZ; TÞ  3 dJðZ; TÞ
dZ
þ 3
2
2
d2JðZ; TÞ
dZ
þO 33  
ð11bÞ
Substituting these expressions into (1a) and (1b) and ne-
glecting the higher order terms of 3, we derive the following
expressions
i
dFðZ; TÞ
dZ
 d
2FðZ; TÞ
dZ
þ 2FðZ; TÞ jFj2 þ jJ j2  ¼ 0 ð12aÞ
i
dJðZ; TÞ
dZ
 d
2JðZ; TÞ
dZ
þ 2JðZ; TÞ jFj2 þ jJ j2  ¼ 0 ð12bÞ
which are just well–known, coupled, nonlinear Schrödinger
equations [31]. However, quite often, discrete models are
more realistic than continuous ones, and help to better under-
stand the physics of the problem. Now, to solve (1a) and
(1b), we make the traveling wave transformation
fn ¼ eiqnunðxnÞ jn ¼ eiqnvnðxnÞ qn ¼ d1nþ c1t þ z1
xn ¼ d2nþ c2t þ z2 ð13Þ
and
fn1 ¼ eiqneid1un1ðxnÞ jn1 ¼ eiqneid1vn1ðxnÞ ð14Þ
where un = un(xn) and vn = vn(xn) are both real-valued func-
tions, d1 and c1 are the wave number of the carrier wave and
the frequency, c2 and d2 are related to the group velocity and
the pulse width, and z1 and z2 denote the initial phases. If z1
and z2 are both zero, then the center of the soliton coincides
with a lattice site. In this case, the solution becomes sym-
metric. If z1 and z2 are not zero then the center is located be-
tween lattice sites. In this instance, the solution becomes
asymmetric. In this sense, the parameters z1 and z2 produce
a continuous family of solitons with variable shape.
Next, using the Euler formula eid1 = cos d1 ± i sin d1,
substituting (13) and (14) into (1a) and (1b), and separating
the real and the imaginary parts, we obtain the system
c1un þ cosðd1Þðunþ1 þ un1Þ 1 u2n þ v2n
   2un ¼ 0
ð15aÞ
c1vn þ cosðd1Þðvnþ1 þ vn1Þ 1 u2n þ v2n
   2vn ¼ 0
ð15bÞ
c2u
0
n þ sinðd1Þðunþ1  un1Þ 1 u2n þ v2n
   ¼ 0 ð15cÞ
c2v
0
n þ sinðd1Þðvnþ1  vn1Þ 1 u2n þ v2n
   ¼ 0 ð15dÞ
where the prime denotes the derivative with respect to xn. We
expand the solution of (15a)–(15d) in the form of (5). Balan-
cing the linear term of the highest order with the highest
nonlinear term in (15a)–(15d) leads to m = 1. Thus, for the
traveling wave solutions of (15a)–(15d), we assume the
ansätz
un ¼ a0 þ a1 G
0ðxnÞ
GðxnÞ
 	
a1 6¼ 0 ð16aÞ
vn ¼ b0 þ b1 G
0ðxnÞ
GðxnÞ
 	
b1 6¼ 0 ð16bÞ
where G(xn) is a solution of (6), while a0, a1, b0, and b1 are
arbitrary constants to be determined.
Case 1. m < 0.
In this case, we first derive the expressions un±1 and vn±1
in accordance with (9a) and substitute them, along with
(16a) and (16b), into (15a)–(15d). Then, clearing the denom-
inator and setting the coefficients of (G′/G)l (0 ≤ l ≤ 8) to
zero, we derive a system of nonlinear algebraic equations for
a0, a1, b0, b1, d1, d2, c1, c2, and m. Solving the system, we get
the following solution sets:
Aslan 859
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a0 ¼ 0; b0 ¼ 0; c1 ¼ 2 1þ cos ðd1Þ  cos ðd1Þ tanh 2
ffiffiffiffiffiffiffimp d2  ; c2 ¼ 2 ffiffiffiffiffiffiffimp sin ðd1Þ tanh ffiffiffiffiffiffiffimp d2 =m;
b1 ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ma21 þ tanh 2
ffiffiffiffiffiffiffimp d2 q = ffiffiffiffiffiffiffimp g ð17Þ
and the corresponding discrete hyperbolic functions, solutions to (1a) and (1b) as
fn;1ðtÞ ¼
ffiffiffiffiffiffiffimp a1 C1 cosh
ffiffiffiffiffiffiffimp xn þ C2 sinh ffiffiffiffiffiffiffimp xn 
C1 sinh
ffiffiffiffiffiffiffimp xn þ C2 cosh ffiffiffiffiffiffiffimp xn 
2
4
3
5
 exp i d1nþ 2 1þ cosðd1Þ  cosðd1Þtanh 2
ffiffiffiffiffiffiffimp d2  t þ z1   ð18aÞ
jn;1ðtÞ ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ma21 þ tanh 2
ffiffiffiffiffiffiffimp d2 q C1 cosh
ffiffiffiffiffiffiffimp xn þ C2 sinh ffiffiffiffiffiffiffimp xn 
C1 sinh
ffiffiffiffiffiffiffimp xn þ C2 cosh ffiffiffiffiffiffiffimp xn 
2
4
3
5
 exp i d1nþ 2 1þ cosðd1Þ  cosðd1Þ tanh 2
ffiffiffiffiffiffiffimp d2  t þ z1   ð18bÞ
where
xn ¼ d2n
2
ffiffiffiffiffiffiffimp sinðd1Þ tanh ð ffiffiffiffiffiffiffimp d2Þ
m
t þ z2
and m (< 0), a1, d1, d2, z1, z2, C1, and C2 remain arbitrary.
As a particular example, if we let C1 = 0 and C2 ≠ 0 or we let C1 ≠ 0 and C2 = 0 in (18a) and (18b), respectively, then we
get formal, discrete, solitary wave solutions to (1a) and (1b) as follows:
fn;2ðtÞ ¼
ffiffiffiffiffiffiffimp a1 tanh ffiffiffiffiffiffiffimp d2n 2
ffiffiffiffiffiffiffimp sinðd1Þ tanh ffiffiffiffiffiffiffimp d2 
m
t þ z2
2
4
3
5
8<
:
9=
;
 exp i d1nþ 2 1þ cosðd1Þ  cosðd1Þtanh 2
ffiffiffiffiffiffiffimp d2  t þ z1   ð19aÞ
jn;2ðtÞ ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ma21 þ tanh 2
ffiffiffiffiffiffiffimp d2 q tanh ffiffiffiffiffiffiffimp d2n 2
ffiffiffiffiffiffiffimp sinðd1Þ tanh ð ffiffiffiffiffiffiffimp d2Þ
m
t þ z2
" #( )
 exp i d1nþ 2 1þ cosðd1Þ  cosðd1Þ tanh 2
ffiffiffiffiffiffiffimp d2  t þ z1   ð19bÞ
fn;3ðtÞ ¼
ffiffiffiffiffiffiffimp a1 coth ffiffiffiffiffiffiffimp d2n 2
ffiffiffiffiffiffiffimp sinðd1Þ tanh ffiffiffiffiffiffiffimp d2 
m
t þ z2
2
4
3
5
0
@
1
A
 exp i d1nþ 2 1þ cosðd1Þ  cosðd1Þtanh 2
ffiffiffiffiffiffiffimp d2  t þ z1   ð20aÞ
jn;3ðtÞ ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ma21 þ tanh 2
ffiffiffiffiffiffiffimp d2 q coth ffiffiffiffiffiffiffimp d2n 2
ffiffiffiffiffiffiffimp sinðd1Þ tanh ð ffiffiffiffiffiffiffimp d2Þ
m
t þ z2
" #( )
 exp i d1nþ 2 1þ cosðd1Þ  cosðd1Þ tanh 2
ffiffiffiffiffiffiffimp d2  t þ z1   ð20bÞ
where m (< 0), a1, d1, d2, z1, and z2 are arbitrary constants.
Case 2. m > 0.
In this case, we first derive the expressions un±1 and vn±1 in accordance with (9b) and substitute them along with (16a) and (16b)
into (15a)–(15d). Then, clearing the denominator and setting the coefficients of (G′/G)l (0 ≤ l ≤ 8) to zero, we derive a system of
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nonlinear algebraic equations for a0, a1, b0, b1, d1, d2, c1, c2, and m. Solving the system, we get the following solution sets
a0 ¼ 0; b0 ¼ 0; c1 ¼ 2 1þ cos ðd1Þ þ cos ðd1Þ tan 2
ffiffiffi
m
p
d2
  
; c2 ¼ 2 sin ðd1Þ tan
ffiffiffi
m
p
d2
 
=
ffiffiffi
m
p
;

b1 ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan 2
ffiffiffi
m
p
d2
  ma21q = ffiffiffimp g ð21Þ
and the corresponding discrete trigonometric function solutions to (1a) and (1b) as
fn;4ðtÞ ¼
ffiffiffi
m
p
a1
C1 sin
ffiffiffi
m
p
xn
 
þ C2 cos
ffiffiffi
m
p
xn
 
C1 cos
ffiffiffi
m
p
xn
 
þ C2 sin
ffiffiffi
m
p
xn
 
2
4
3
5
 exp i d1nþ 2 1þ cos ðd1Þ þ cos ðd1Þtan 2
ffiffiffi
m
p
d2
  
t þ z1
   ð22aÞ
jn;4ðtÞ ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2
ffiffiffi
m
p
d2
  ma21q C1 sin
ffiffiffi
m
p
xn
 
þ C2 cos
ffiffiffi
m
p
xn
 
C1 cos
ffiffiffi
m
p
xn
 
þ C2 sin
ffiffiffi
m
p
xn
 
2
4
3
5
 exp i d1nþ 2 1þ cos ðd1Þ þ cos ðd1Þ tan2
ffiffiffi
m
p
d2
  
t þ z1
  
ð22bÞ
where
xn ¼ d2nþ
2 sin ðd1Þ tan
ffiffiffi
m
p
d2
 
ffiffiffi
m
p t þ z2
and m (< 0), a1, d1, d2, z1, z2, C1, and C2 remain arbitrary.
As a particular example, if we take either C1 = 0 and C2 ≠ 0 or C1 ≠ 0 and C2 = 0 in expressions (22a) and (22b), respec-
tively, then we get formal, discrete, periodic wave solutions to (1a) and (1b) as follows:
fn;5ðtÞ ¼
ffiffiffi
m
p
a1 cot
ffiffiffi
m
p
d2nþ
2 sin ðd1Þ tan
ffiffiffi
m
p
d2
 
ffiffiffi
m
p t þ z2
2
4
3
5
8<
:
9=
;
 exp i d1nþ 2 1þ cos ðd1Þ þ cos ðd1Þ tan 2
ffiffiffi
m
p
d2
  
t þ z1
   ð23aÞ
jn;5ðtÞ ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan 2
ffiffiffi
m
p
d2
  ma21q cot ffiffiffimp d2nþ 2 sin ðd1Þ tan ð
ffiffiffi
m
p
d2Þffiffiffi
m
p t þ z2
" #( )
 exp i d1nþ 2 1þ cos ðd1Þ þ cos ðd1Þtan 2
ffiffiffi
m
p
d2
  
t þ z1
   ð23bÞ
fn;6ðtÞ ¼ 
ffiffiffi
m
p
a1 tan
ffiffiffi
m
p
d2nþ
2 sin ðd1Þ tan ð
ffiffiffi
m
p
d2Þffiffiffi
m
p t þ z2
" #( )
 exp i d1nþ 2 1þ cos ðd1Þ þ cos ðd1Þ tan 2
ffiffiffi
m
p
d2
  
t þ z1
   ð24aÞ
jn;6ðtÞ ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan 2ð ffiffiffimp d2Þ  ma21q tan ffiffiffimp d2nþ 2 sin ðd1Þ tan ð
ffiffiffi
m
p
d2Þffiffiffi
m
p t þ z2
" #( )
 exp i d1nþ 2 1þ cos ðd1Þ þ cos ðd1Þ tan 2
ffiffiffi
m
p
d2
  
t þ z1
   ð24bÞ
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where m (< 0), a1, d1, d2, z1, and z2 are arbitrary constants.
Case 3. m = 0.
In this case, we first derive the expressions un±1 and vn±1 in
accordance with (9c) and substitute them along with (16a) and
(16b) into (15a) and (15b). Then, clearing the denominator and
setting the coefficients of (G′/G)l (0 ≤ l ≤ 7) to zero, we de-
rive a system of nonlinear algebraic equations for a0, a1, b0, b1,
d1, d2, c1, and c2. Solving the system, we get the following sol-
ution sets:
c1 ¼ 2½1þ cos ðd1Þ; c2 ¼ 2d2 sin ðd1Þ;

a1 ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d22  b21
q
; b0 ¼ 0; a0 ¼ 0g ð25Þ
and the corresponding discrete rational function solutions to
(1a) and (1b) as
4n;7ðtÞ ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d22  b21
q
C1
C1½d2nþ 2d2 sin ðd1Þt þ z2 þ C2
 
 exp

ifd1nþ 2½1þ cos ðd1Þt þ z1g

ð26aÞ
jn;7ðtÞ ¼ b1
C1
C1½d2nþ 2d2 sin ðd1Þt þ z2 þ C2
 
 exp

ifd1nþ 2½1þ cos ðd1Þt þ z1g

ð26bÞ
where b1, d1, d2, z1, z2, C1, and C2 remain arbitrary.
Remark 3. It is an important fact that one should be
aware of the limitations of each of the existing methods.
There is no guarantee that they will succeed for a special-
ized nonlinear problem. The (G′/G)-expansion method as-
sumes that the solution of the equation is in polynomial
form with many parameters, and thus it sometimes leads to
inconsistent nonlinear algebraic systems. However, we have
encountered no such difficulty while working with (1a) and
(1b).
4. Conclusion
We successfully utilized the (G′/G)-expansion method for
coupled, discrete, nonlinear, Schrödinger equations. Various
kinds of exact solutions with more free parameters were
constructed. New rational solutions were also obtained. The
explicit construction of our solutions involved a large
amount of tedious algebra and calculus. The use of a com-
puter algebra system was necessary to carry out the lengthy
(but straightforward) computations. The resulting traveling
wave solutions are tested by substitution into the original
equation; this provides an extra measure of confidence in
the results. We foresee that the results of this study have
the potential to be used as test problems for numerical com-
parison purposes. The method is straightforward, concise,
and its potential for applications to other types of NDDEs
is promising.
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